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1. In t roduct ion  

’ 

The sum over h i s t o r i e s  r ep resen ta t ion  for  the t r a n s i t i o n  

amplitude (or propagator) occurs i n  Tobocman’s approach C5J t o  

quantum mechanics. This approach i s  based on the canonical  formalisn: 

of quantum mechanics and represents  a gene ra l i za t ion  of the  Feynman 

p a t h - i n t e g r a l  method c 4 3  . A r e l a t e d  canonical  treatment has a l s o  

been given by Davies C33 . 
The d i f f i c u l t y  with these func t iona l  i n t e g r a l  methods i s  t h e  

a c t u a l  eva lua t lon  of the expression for  the  sum over h i s t o r i e s .  

Cases which have been e x p l i c i t l y  evaluated a r e  those corresponding 

t o  the  f ree  Schrgdinger p a r t i c l e  and the  harmonic o s c i l l a t o r  c 2 1  , 
t o  t he  Dirac f i e l d  [ 5 J  , and t o  c l a s s i c a l  wave motion c13 . 
of these  cases ,  the  Dirac f i e l d ,  involved non-commuting opera tors  

i n  the  exponent, and the  evaluat ion o f  the t r a n s i t i o n  amplitude 

was accomplished by means of a H i l b e r t  hyperspace approach c 5 3  . 
E s s e n t i a l l y  the same operators  occur i n  the  t r a n s i t i o n  amplitude 

f o r  a free Dirac p a r t i c l e ,  but t h i s  case can be t r ea t ed  by a 

d i f f e r e n t  method based on uni ta ry  t ransformations i n  Hi lber t  space. 

One 

2. The t r a n s i t i o n  amplitude 

Consider a phys ica l  system wi th  p o s i t i o n  coordinate  q/(t) and 

canonical  momentum ’p(t) . For the  sake of s impl i c i ty  w e  r e s t r i c t  

ourselves  t o  a system with one degree of freedom. The gene ra l i za t ion  

t o  a system with n degrees of freedom can r e a d i l y  be made. L e t  

H(Q,rJ) be the  Hamiltonian for  t he  system. Then the  t r a n s i t i o i l  

amplitude G(%fft”; Lt/‘t’) connecting s t a t e s  a t  times t’ and t ”  
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may be wr i t t en  [ 51 

where 

Here, the time i n t e r v a l  (t: t") 

number of p a r t s  

has been divided i n t o  a la rge  

t ' =  t, < t ,  < t L  < . - -  < t,= t ' :  (3 )  

Equations (1) and ( 2 )  give the t r a n s i t i o n  amplitude i n  the  form 

of a sum over h i s t o r i e s .  These h i s t o r i e s  correspond t o  c l a s s i c a l  

t r a j e c t o r i e s  i n  t h a t  the coordinate  and momentum a r e  spec i f i ed  a t  

each i n s t a n t .  However, these  a r e  not t r u e  c l a s s i c a l  t r a j e c t d r i e s  

s ince  there  i s  no r e l a t i o n s h i p  between v e l o c i t y  and momentum. 
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We may write the transition amplitude in terms of functional 

integrals as 

with 

In (6), the subscripts "p$ denote any history of the system 

specified by two arbitrary functions of time Q(t) and p ( t )  

subject to the restrictions 

fQ(t') = % I  , q/(t') = G". (7) 

Thus Sw is the action (or, to be precise, Hamilton's principal 

function) for a history . In (5), the integrations, by their 

definition in ( 2 ) ,  mean a sum over all paths in momentum space 

as well as in coordinate space, with p unrestricted and 4/ 
subject t o  the conditions of equation (7). 

Tobocman [SI has shown that the expression (2 )  reduces to 

the Feynman functional integralin the case when the Hamiltonian 

is classical in form and quantization is carried out in terms of 

commutator s rather than anti -commutators . 
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; I , . . ,  3. >DDi;rac part ic le  

Consider a part ic le  of mass m moving with one degree of 

freedom according t o  the Dirac equation 

w i t h  

H = -pm- ocp , (9) 

where,X and p :are the Dirac matrices which s a t i s f y  the re lat ione  

where 1: i s  the unit matrix. The act ion s w for this system 

imay then be written a s  

n . .. 

. 
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. where 

Hence 

' <  i 

k 

where we have used the  f a c t  t h a t  the  f i r s t  term commutes with the  

second and t h i r d  terms. 

Now i n  order t o  evaluate the  func t iona l  i n t e g r a l  ( 5 )  exact ly ,  

..- * 
wc uLupc be a b l e  t o  write the second exponent ia l  f a c t o r  i n  (13) as 

< a  product of exponent ia ls .  From the  operator  i d e n t i t y  given i n  

equat ion (A8)  of the Appendix we see  t h a t  t h i s  cannot be done 

for  (13) a s  i t  s tands.  

To ge t  round t h i s  d i f f i c u l t y  we s h a l l  transform the  problem 

, i n t o  a u n i t a r i l y  equivalent  problem. 
# 

r ,  

4. Unitary t ransformation 

Let  K be an Hermitian 'operator and consider the  u n i t a r y  

t ransformation defined by 
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Then it follows t h a t  the  t r a n s i t i o n  amplitude for  the  transformed 

problem is  given by 
# 

where, 

. .  

Equations (15) and (16) provide an a l t e r n a t i v e  t o  ( 5 )  and (6) 

f o r  the eva lua t ion  of t r a n s i t i o n  amplitudes. 
' i  

9. 

5, Trans i t ion  amplitude for  b i r a e  p a r t i c l e .  

For the  Dirac p a r t i c l e  with Hamiltonian ff = - p f i - & p  
w e  choose 

I, . , 

. I  

where k i s  some number t o  be determined l a t e r .  Then 
: / "  ( ; 
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This may be wr'itten as 

where w e  have put 

le=.cr/z > t m k  = x, (21) 

and where h i s  the quantity defined i n  equation (12). I t  

follows that 
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where 

i '  

. 

and so.  

The summation over p-histories is now obtained frdm 
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where w e  have used 

l-:a,v++ = as@) 

The summation over h i s tor ie s  i s  complete1 by 

, so that 
+,¶ 12.r > - - - 

ntegrating (26)  over 

I ' .  
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since 

and 

# 

The integrals over $z $3 . . %n-, can be evaluated i n  the 

same way and w e  obtain 

Using the re lat ions  

and the inverse transformation 

> (33)  

where 



11 

1 *' 

= i p h ,  

we have finally 

( 3 4 )  

with & = tn,[t)l-t'). 
This completes the determination of the transition amplitude 

/ for a free Dirac particle. 



APPENDIX 

1. The operator wpA e q  I3 . 

The operator ident i ty  

* .  
i s  valid when the operators A and B commute. We wish t o  derive 

the corresponding r e s u l t  when A and B do not commute. To d o  
*' . 

"< ', . . 

. t h i s  we define 

. .  Ax %r 
f(z) = e . e , (A2 1 

where X. i s  a r e a l  variable.  Then 

Integration then gives  

For X = /  i t  follows that 
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which is t he  required genera l iza t ion  of the  i d e n t i t y  ( A l ) .  

2. Case AB + BA = 0 . 
When the  opera tors  A and B anti-commute, t h a r  is AB + BA = 0 , 

the  identity ( A 4 )  assumes a s i m p l e r  form, s ince  i n  t h a t  case 

-AX 2Ax 
e Be = e  B )  

Hence when' AB + BA = 0 (A4)  becomes 

We now apply ( A 7 )  t o  t he  case when 

where b and c a r e  constants  and OC and /3 a r e  the  Dirac 

mat r ices .  It can then be r ead i ly  shown t h a t  

(A5) 
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